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Direction-Of-Arrival (DOA) Estimation
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"Van Trees, Optimum Array Processing: Part IV of Detection, Estimation, and Modulation Theory, 2002.
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Introduction

Physical Array and Difference Coarray

Physical array
00000 < X X X@XXXX@XXXXE®
12345 10 15 20

Difference coarray
000000000000000000000000000000000000000

"Van Trees, Optimum Array Processing: Part IV of Detection, Estimation, and Modulation Theory, 2002.
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Sensor Failures

Array #1 Array #2 (2 fails) Array #3 (1 fails)
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"Liu and Vaidyanathan, IEEE Signal Process. Letters, 2015.
2100 snapshots, 0dB SNR, D = 2 sources, 0; =
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—0.1, 2 = 0.1, equal-power, uncorrelated sources.
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Review of Sparse Arrays
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Review of Sparse Arrays

ULA and Sparse Arrays

ULA (ot pars

202920 Minimum redundancy arrays?

21 Nested arrays®
m |dentify at most Neensors — 1 = y

- 4
uncorrelated sources.! Coprime arrays ]
(Nsensors is the number of sensors) Super nested arrays

= Can only find fewer sources m Identify O (N nsors)
than sensors. uncorrelated sources.

m More sources than sensors!

Van Trees, Optimum Array Processing: Part IV of Detection, Estimation, and Modulation Theory, 2002.
2Moffet, IEEE Trans. Antennas Propag., 1968.

3Pal and Vaidyanathan, IEEE Trans. Signal Process., 2010.

4Vaidyanathan and Pal, IEEE Trans. Signal Process., 2011.

5Liu and Vaidyanathan, IEEE Trans. Signal Process., 2016.

Liu and Vaidyanathan (Caltech) Robustness of Sparse Arrays ICASSP 2018 8/24



Review of Sparse Arrays

Coprime Arrays

The coprime array with (M, N) = 1 is the union of
an N-element ULA with spacing M and
a 2M-element ULA with spacing N.

WULA M Nsensors = N +2M — 1
. ) ° ° )
Physicalarray S (M =3, N =4): o 34 6 89 12 16 20
[ ] [ ] [ J [ J [ J [ J
4 4 4 4 4 4
ULA (2)
Holes Difference coarray

D:{nl—n2|n1,n2€S}
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—20 —14 0 14 20
_

Central ULA segment U

1Vaidyanathan and Pal, IEEE Trans. Signal Process., 2011.
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The Essentialness Property and the Fragility

The Essentialness Property

The sensor n € S is essential with respect to S if D +# .

Physical array

(2) eeocecoee
012345678

Difference coarray
:;......8.......%

.7......8......?

.8.......8.......g

.8.......8.......g

.8.......8.......g

TLiu and Vaidyanathan, IEEE ICASSP, 2018; DD is the difference coarray of S and D is the difference coarray of S\{n}.
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The Essentialness Property and the Fragility

Maximally Economic Sparse Arrays

An array S is maximally economic
if all the sensors in S are essential

Physical array Difference coarray
(a) eoxx@xe 0000000000000

01 4 6 —6 0 6
(b) x@xxexe exeexexeexe 0 is essential
(c) ®xxXx0®x® 9X0X0xX0x0xX0x0 1 is essential
(d) 00 xxx@ 00X X008xXX00 4 is essential
(e) oo e sexecexee 6 is essential

Array (a) is maximally economic

TLiu and Vaidyanathan, IEEE ICASSP, 2018.
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The Essentialness Property and the Fragility

Maximally Economic Sparse Arrays

m Array geometries that are maximally economic:

- 0 23
Minimum redundancy array eexxexxxxxexxxxxexexxexe

- 0 34
Minimum hole array 00 XXX @ XX XX @XX XXX @X XXX XX @XX KX KX KX XK OK®
1 20
Nested array 00000 XX X®XXXXOXXXX®
0 13
Cantor array 00X00xXXX00x00

m Array geometries that are not maximally economic:

. . 0 7
Uniform linear array TYYYY YY)

. 0 15
Coprime array 0X0X000X0XO®XXXX®

TLiu and Vaidyanathan, IEEE CAMSAP, 2017; Liu and Vaidyanathan, IEEE ICASSP, 2018.

Liu and Vaidyanathan (Caltech) Robustness of Sparse Arrays ICASSP 2018 13/24



The Essentialness Property and the Fragility

The k-Essentialness Property

The set A is k-essential with respect to S
if ACS,|A|=k,and D # D.

Physical array Difference coarray

ERIYYYTYYY) XXX YYYYYYYYYYY YY)
012345678 —8 0 8

(b) e<000000e ®000cecevceceveee {l}isnotl-essential
0 23456738 -8 0 8

(C) o0 x00000e eco0o0v00o00000o0see {2}isnotl-essential
01 345678 —8 0 8

(d) eo0oeeexe eevevccevcesseese {7}isnotl-essential
0123456 8 -8 0 8

(e) ex<o0000e0 eooeoeveneoeesese {1 ,2}isnot2-essential
0 345678 —8 0 8

(f) exo000@xe e<0000000cesecexe {1,7}is2-essential
0 23456 8 -8 —6 0 6 8

TLiu and Vaidyanathan, IEEE ICASSP, 2018; D is the difference coarray of S and D is the difference coarray of S\ A.
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The k-Essential Family &;: Definition

The k-essential family: & = {A : A is k-essential}

All subarrays of size k: S, 2 {A CS: |A| = k}

Example: S = {0, 1, 2, 3}

& = {{0}, {3}},

& = {{07 1}7 {0’ 2}7 {0’ 3}7 {17 2}’ {1’ 3}’ {27 3}} =&,

& = {{0,1,2},{0,1,3},{0,2,3},{1,2,3}} = Ss,

& ={{0,1,2,3}} = S,.

TLiu and Vaidyanathan, IEEE ICASSP, 2018.
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The Essentialness Property and the Fragility

The k-Essential Family &: Proposition

The k-essential family: & = {A : A is k-essential}

All subarrays of size k: S, 2 {A CS: |A| = k}

El The size of the k-essential family satisfies
(IS] = B)|&k| < (k + 1)|Exal,

forall1 <k <|S|—1.
The equality holds if and only if & = S;.

&L = S, for all |S‘ = |€1|+1 <k< |S|

TLiu and Vaidyanathan, IEEE ICASSP, 2018.
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The Essentialness Property and the Fragility

The k-Essential Family &: Proposition

Proposition 1. Let & be the k-essential family with respect to
a nonempty integer set S. Then the following properties hold true:

L.

2.
3.

4.

(IS| = k)[€k| < (k+1)[Ext1] forall 1 < k < [S| — 1. The
equality holds if and only if |&,| = (7).

& = () forall |[S] — [&1] +1 < k < [S].

If S is maximally economic, then || = (lil) for all 1 <
k<8

Let M, = |[{m e D:w(m) = p}| be the number of el-
ements in the difference coarray such that the associated
weight function is p. If [S| > 2, then

1++vV1+4M M
[%l <l&l < min{Ml + {TQJ ,|S|},
(5)
where [-] and | -] are the ceiling function and the floor func-
tion, respectively.

TLiu and Vaidyanathan, IEEE ICASSP, 2018.
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The k-Fragility (or Fragility): Definition

- Ex|  # of k-essential subarrays
The k-fragility 7, 2 1¢]
& k-tragility £ |Sk|  # of all subarrays of size k&

[OngglforaII1§k§|S| }

More robust F Less robust
Less fragile k More fragile
0 1

Liu and Vaidyanathan, IEEE ICASSP, 2018.
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The k-Fragility: Proposition

- Ex|  # of k-essential subarrays
The k-fragility 7, 2 1¢]
& k-tragility £ |Sk|  # of all subarrays of size k&

Fp, < Fyyforalll <k <|S|—1.
The equality holds if and only if Fj, = 1.

Fp=1forall [S|—|&|+1<k<S|.

If S is maximally economic, then Fj, = 1 for all
1<k<IS|.

1Liu and Vaidyanathan, IEEE ICASSP, 2018.
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Numerical Examples

Array Geometry

(a): Uniform linear array with 16 elements |E1] =2

0 15

cecesssssassnses ¢ Essential = Inessential e Coarray

0 15

(b): Nested array with 16 elements [Pal and Vaidyanathan, 2010]  |E1| = 16

1 9 18 27 36 45 54 63 72
GOPPPPPOP X X X X X X X XPX XXX XXX XPX XXX XX XXX XXX XXX XX XX XXX XXX XXX XXX XXX XXX XXX
3....... 00 00 00 (1 1] (1 1] o000 o

(c): Coprime array with 16 elements  (vaidyanatan and Pa, 20111 |E7| = 13

0 4 8 12 16 20 24 27 32 36 45 54 63
@5 X XPX X XPEX XPX X XPXPXPX X XX X WX X XXX XWX X X X X X X XX X X X X X X XX X X X X X X xp
00000000 00 00 000000000000 <00 <00 < x x@xxx@
0 39 4 47 50 54 59 63

(d): Concatenated nested array with 16 elements |E1] =4

1 4 8 12 16 20 24 28 32 36 40 43
QGHEGX X XxEX X XEXXXEXXXEXXXEXXXEXXXEXXXEX X x¢EEP

006000000 P 000 000 [Rajaméki and Koivunen, 2017]
0

42

(e): Symmetric MRA with 16 elements 11| =2
0 4 7 10 13 16 19 22 29
CGEEXEEXEXXEXXEXXEXXEXXxEXEEX ARG
3...........................15
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Numerical Examples

The k-Fragility Fj,

Less
robust

k-Fragility Fy,

More
robust

Liu and Vaidyanathan (Caltech)
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Concluding Remarks

Concluding Remarks

m Robustness of difference coarrays to sensor failures
m The k-essentialness property
m The k-essential family
m The k-fragility
m Comparison of sparse arrays
m Future work
m Probability that the difference coarray changes
m Robustness of the central ULA segment

Thank you'
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