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ABSTRACT

In this paper, the general form of the two-dimensional Fourier transform
(2D FT) eigenfunctions is discussed. It is obtained from the linear com-
bination of the 2D separable Hermite Gaussian functions (SHGFs). For
example, the rotated Hermite Gaussian functions (RHGFs) for the rotated
coordinate and the Laguerre Gaussian functions (LGFs) for the polar co-
ordinate are two special cases of the general form. With the aid of the
general form, we can achieve these 2D functions with perfect orthogonal-
ity. Finding the combination coefficients is equivalent to the multinomial
expansion problem. Therefore, we can apply the fast Fourier transform
and some recurrence relations to the coefficients. The computation cost
is much less than the close-tform coetficients, which is associated with the

Jacobi polynomials.

KNOWN EIGENFUNCTIONS OF THE F1

(2 nly/m) P Hy (2)e /2.
o SHGFs: hyy, n(z,y) = hpp(z)hyn(y).

e HGFs: h, (x) =

o RHGFs: hy,n(a;2,y) = hypon(xcosa + ysina, —xsin a 4 y cos «).

o LGFs: Iy ,(r,0) = Npyr'Ll (r?) e~ /2¢=3% where p = min {m,n},
| = |m—n|, N, is the normalization factor, and L]" (-) is the associated
Laguerre polynomial.

THE GENERAL FORM

Assume that the eigenfunction, ¥ (z,y), is composed of a two-variable
polynomial with degree D, and a Gaussian function. We want it to be the
eigenfunction and orthonormal.
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where |¢g’p. ¢ p_1,---,¢B | isa (D + 1)-dim unitary vector.

e SHGFs h,, n(2,y), D =m+mn,and c;" = d|p — m,q — n|.
o RHGFs hy, n(a;z,y), D =m+n=p+q|l,4]
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(of )( ) is the Jacobi polynomial.

o LGFs !, n(7,0),, cgf;z”(LGF) =P % ”(RHGF)}

where P;"
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THE FAST COEFFICIENT COMPUTATION
e In [4], the 2-D separable Hermite polynomial is
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e Apply coordinate transformation, (x,y) —
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Hop (U3 2,y) = 276~ (574502 3)

e Expanding (2)" (y')" in terms of x, y yields ¢*;" (RHGF).

e Direct polynomial expansion has complexity O ((D + 1)*) while the
convolution using the FFT has complexity O ((D + 1) log(D + 1)).

SIMULATION RESULTS

Simulation 1: Accuracy comparison
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Simulation 2: RHGFs and LGFs are eigenfunctions of the DFT
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Simulation 3:
The eigenfunction with random ¢
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In [3], we solve 1-D discrete
HGFs with number of dis-
crete points to be N = 101
and sampling interval A, =

= \/27T/N.

The discrete functions are or-
thonormal while the contin-
uous samples are not.

The phase error on the
boundaries is due to small

magnitudes below the order
of 10716,

APPLICATIONS

e Discrete image rotation without interpolation.
e Analysis of rotated or circular symmetric objects on Cartesian grids.

e 2-D discrete fractional Fourier transtforms in different coordinate sys-
tems.
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