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The Data Model
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? Stochastic (or unconditional) model with uncor-
related sources and noise.

s = [A1, . . . , AD, nTS ]T ,

E[s] = 0, E[ssH ] = diag(p1, . . . , pD, pnI).

? DOAs are deterministic, but unknown.

? The number of sources D is known.
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Correlation Subspace CS [1]

RS = E[xSx
H
S ] =

D∑
i=1

pivS(θi)v
H
S (θi) + pnI.

belongs to the correlation subspace

vec(RS) =
D∑
i=1

pic(θi) + pnvec(I).

Correlation vector:

c(θi) , vec(vS(θi)v
H
S (θi)).

Correlation subspace:
CS , span

{
c(θ) : −π

2
≤ θ ≤ π

2

}
.

Computation of CS [1]

Step 1: Integration

S ,
∫ π/2

−π/2
c(θ)cH(θ)dθ,

Step 2: Numerical eigen-decomposition

S = UΛUH ,

Step 3: CS = Dominant eigenspace of S.

S U Λ UH

=

|S|2 r r

? col(S) = CS .
? S has finite size. 3

? CS is computed once per array. 3

? Numerical computation. 7

? What are the explicit expressions for the bases
of CS? They should depend purely on the array.

Generalized Correlation Subspace

GCS(ρ) , col(S(ρ))

S(ρ) ,
∫ 1/2

−1/2

c(θ)cH(θ) ρ(θ̄)dθ̄

Lemma: GCS
ρ1(θ̄), ρ2(θ̄): nonnegative Lebesgue integrable func-
tions over θ̄ ∈ [−1/2, 1/2].

supp(ρ1) =
supp(ρ2)

GCS(ρ1) =
GCS(ρ2)

Example: CS = GCS(ρ1) = GCS(ρ2).
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ρ1(θ̄) = 2(1− (2θ̄)2)−1/21[−1/2,1/2](θ̄)

ρ2(θ̄) = 1[−1/2,1/2](θ̄)

Difference Coarray D
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D

Weight function
w(m) =

∣∣{(n1, n2) ∈ S2 : n1 − n2 = m
}∣∣

GCS(ρ2)

Eigenvalues of S(ρ2) = w(m)

Eigenvectors of S(ρ2) =
vec(I(m))√

w(m)

〈I(m)〉n1,n2
=

{
1 if n1 − n2 = m,

0 otherwise.

Example: S = {0, 2, 3, 4, 6, 9}
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CS = col(J), J , [vec(I(m))]m∈D

? dim(CS) = |D|.
? Bases of CS are vec(I(m)). 3

? Computationally tractable. 3

Connection to Redundancy Averaging (Rectification)
Geometrical interpretation

CS + I = CS
p?P1

p?P2

vec(R̃S)

? Sample covariance matrix R̃S.

? I , span{vec(I)}.
? A+ B , {a+ b : a ∈ A, b ∈ B}.

? [1]: p?P1 , arg min
p

‖vec(R̃S − pnI)− p‖22
subject to p = vec(R) ∈ CS, R � 0.

? p?P2 , arg min
p

‖vec(R̃S)− p‖22
subject to p ∈ CS + I.

? Contribution:
? p?P2 = JJ†vec(R̃S).

Fast computation.
Redundancy averaging [3]/Rectification [4].

? Projection onto GCS(ρ3) + I.
Redundancy averaging with prior knowl-
edge about sources.

Prior Knowledge about Sources [2]
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GCS(ρ3) ≈ col(JΦL), S(ρ3) = JSD(ρ3)JH .

ΦL = [ψ1,ψ2, . . . ,ψL]T : Eigenvectors of SD(ρ3),
Discrete Prolate Spheroidal Sequences [5].

Eigenvalues of SD(ρ3), α = 0.1
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Eigenvectors of SD(ρ3), α = 0.1
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Numerical Examples
Nested array (N1 = N2 = 5, 10 sensors); θ̄i =
0,±0.045 (3 uncorrelated, equal-power sources);
L is 10 for α = 0.1, 17 for α = 0.2; 1000
Monte-Carlo runs; Coarray MUSIC [6]; RMSE =√∑D

i=1 (̂̄θi − θ̄i)2/D.
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(a) 100 snapshots
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(b) 0dB SNR

Concluding Remarks
? Generalized correlation subspace.
? Prior knowledge about sources.
? Redundancy averaging (Rectification).
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